We extend the Chern-Heinz inequalities to graphs of C 2 -functions defined on open subsets of Riemannian manifolds. We generalize results about foliations of 3-dimensional Riemannian manifolds by constant mean curvature surfaces due to Barbosa-KenmotsuOshikiri [3], Barbosa-Gomes-Silveira [2] .
Introduction
E. Heinz [10] , showed that if the graph of a C 2 function z = z(x, y) defined on x 2 + y 2 < r 2 has mean curvature H(x, y) satisfying |H(x, y)| ≥ c > 0 then r · c ≤ 1 and if the Gaussian curvature of the graph satisfies K(x, y) ≥ c > 0 then r · c 1/2 ≤ 1. As observed by Heinz, these inequalities are a qualitative improvement of inequalities of the form r · ̺(c) ≤ 1, for some constant ̺(c) depending on c, implicit in Bernstein's work [4] and [5] . S. S. Chern [9] , extended Heinz inequalities to graphs of C 2 functions z = z(x 1 , . . . , x n ) defined on bounded domains Ω ⊂ R n with smooth boundaries ∂Ω, showing that if the mean curvature H(x 1 , . . . , x n ) of the graphs satisfy |H(x 1 , . . . , x n )| ≥ c > 0 then c ≤ vol n−1 (∂Ω)/vol n (Ω) and if the scalar curvatures satisfy S(x 1 , . . . , x n ) ≥ c > 0 then c 1/2 ≤ vol n−1 (∂Ω)/vol n (Ω) 1 . These inequalities are known nowadays as the Chern-Heinz inequalities.
An immediate corollary of the Chern-Heinz inequalities is that a graph of a C 2 function f : R n → R has constant mean curvature H or constant nonnegative scalar curvature S ≥ 0 if and only if H = 0 or S = 0 respectively.
The first purpose of this paper is to extend the Chern-Heinz inequalities to graphs of C
2
functions defined on open subsets Ω ⊂ M (not necessarily bounded) of Riemannian manifolds M and the second is to show the real nature of Chern-Heinz inequalities. They are particular cases of results about foliations of Riemannian manifolds. These extensions of Chern-Heinz inequalities we present here are based on eigenvalue estimates proven by Bessa-Montenegro [6] and the proof of Chern-Heinz inequality given by Barbosa-Kenmotsu-Oshikiri [3] . It should be observed that in a different direction, Alencar and Do Carmo [1] , generalized Chern-Heinz's result about entire graphs with constant mean curvature proving that a complete hypersurface with finite stability index and polynomial volume growth immersed in complete non-compact Riemannian manifolds with nonnegative Ricci curvature is minimal.
Chern-Heinz inequalities
Let us recall that the fundamental tone λ * (Ω) of an open subset Ω ⊂ M of a smooth Riemannian manifold M is given by
where
When Ω is a bounded with piecewise smooth boundary ∂ Ω then λ * (Ω) coincides with the first Dirichlet eigenvalue λ 1 (Ω) of Ω.
Remark. Let Ω ⊂ M be an open set in a Riemannian manifold, Cheeger [7] , defined a constant h(Ω), known as the Cheeger constant, by
where A ranges over all open connected subsets of Ω with compact closure and smooth boundary and he proved that if Ω is bounded with smooth nonempty boundary then λ * (Ω) ≥ h(Ω) 2 /4 > 0. However, it is easy to show that Cheeger's inequality holds for arbitrary open sets.
Our first result is the following generalization of Chern-Heinz inequalities.
Theorem 2.1 Let M be a complete n-dimensional Riemannian manifold and f : Ω ⊂ M → R be a C 2 -function defined on a domain Ω. Consider the product metric on M × R and suppose that the mean curvature of the graph
Proof. For an arbitrary domainΩ of a Riemannian manifoldM the second an third authors have defined in [6] a constant c(Ω) given by
with the supremum taken over all smooth vector fields X onΩ such that infΩ divX > 0 and supΩ |X| < ∞. There, they have proved that
Consider the manifoldM = M × R endowed with the product metric.
Choose the unit vector field η normal to G(f ) so that the mean curvature vector of G(f ) is given by
Translating the graph G(f ) vertically, we produce a smooth codimension 1 foliation F of Ω = Ω × R where all the leaves are isometric to G(f ). These translations of G(f ) generates a smooth vector field in Ω × R also denoted by η, normal to the leaves. It is simple to see that div η = H (see, for example, [3] ). Since |η| = 1 we have by (5) and (4) that
This shows that 2 λ * (Ω) ≥ c. In fact, one has that h(Ω) ≥ c(Ω), see [6] , and thus h(Ω) ≥ c. But we also can proceed as follows. Consider now the trunked cylinder Ω × [−a, a], a > 0 and the restriction of the vector field η to it. Let A be an open connected subset of Ω with compact closure and smooth boundary and consider A×(−a, a), that is an open piecewise smooth subset of the product of the trunked cylinder. By the divergence theorem we have that
ν, η
Since ν and η are unit vectors, then
On the other hand we have that
Observing that inf
and, as we have seen, that c ≤ inf Ω×R div η, we conclude that
for any open subset A of Ω with piecewise smooth boundary. Therefore
where the inf is computed over all piecewise smooth subsets of Ω with compact closure. This finishes the proof of the Theorem 2.1.
This result has a version for the case in which some precise information about the scalar curvature S is known.
Proof. Let p ∈ G(f ) and {e 1 , · · · e n } be an orthonormal basis for the tangent space T p G(f ) of the graph G(f ) ⊂ M × R. The Gauss equation for the plane generated by e i , e j is:
K(e i , e j ) = K(e i , e j ) + B(e i , e i ), B(e j , e j ) − |B(e i , e j )| 2 whereK represents the Gaussian curvature of G(f ) and K is the one of the ambient space Ω × R. Adding these equations
Since the sectional curvatures K of M are, by hypothesis, non-positive, then K ≤ 0. It follows that
and, by (3), we have (8).
The following corollary generalizes the Chern-Heinz's mentioned results. It is a direct consequence of Theorem 2.1 and of Corollary 2.2 When M is closed the Corollary (2.3) takes the following form.
Corollary 2.4 Let M be a closed Riemannian manifold and f : M → R be a smooth function such that the graph G(f ) ⊂ M × R has constant mean curvature H. Then H = 0, f is constant and the graph is an slice of the product.
Proof. Since M is closed then it is complete and λ * (M) = 0. From Corollary (2.3) we have that H = 0. Therefore G(f ) besides being compact it is minimal. Observe that the slices M × {t} are totally geodesic in M × R. The result now follows from maximum principle.
When M is a complete Riemannian manifold we found a relation between the lower bounds of the Ricci curvature and the one of the mean curvature of graphs of functions defined over the entire M. This is the content of the following proposition Proposition 2.5 Let M be a complete Riemannian manifold with Ricci curvature bounded below by (n − 1)k. If there exists a C 2 -function f : M → R whose graph G(f ) has mean curvature H satisfying |H| ≥ c > 0 then k = −a 2 for some a satisfying (n − 1)|a| ≥ c.
Proof. To prove this Proposition we apply the following Theorem of Cheng [8] .
Theorem 2.6 (Cheng) Let M be a complete n-dimensional Riemannian manifold with Ricci curvature bound from below,
Where B M (r) is the geodesic ball of radius r and M(k) is the simply connected n-dimensional space form of constant sectional curvature k.
. This proves Proposition (2.5).
Foliations
In [3] , Barbosa, Kenmotsu and Oshikiri have studied C 3 -foliations of a complete manifold M whose leaves have constant mean curvature. They have shown that, when M is compact with nonnegative Ricci curvature, then M must be locally a Riemannian product of a leaf by a normal curve. They also show that, when M is flat, noncompact and all leaves of the foliation have the same mean curvature then the value of this mean curvature must be zero. We extend this result to manifolds with λ * (M) = 0. For that, we first adapt the proof of Theorem (3) to prove the following result about foliations. Proposition 2.7 Let F be a transversely orientable codimension-one C 2 -foliation of a connected open set Ω of a Riemannian manifold M. Let η be a unit vector field on Ω normal to the leaves of F . Suppose that the mean curvature H F of each leaf F ∈ F computed with respect to η is positive and bounded from zero. Then
Proof. Let F be a transversally orientable codimension one C 2 -foliation of a connected open subset Ω of a Riemannian manifold M. This means that there is a unit vector field η on Ω normal to the leaves. Suppose that the mean curvature H F of each leaf F ∈ F is positive and bounded from zero, that is, for each leaf F there is a positive constant c F such that the mean curvature H F computed with respect to the vector field η satisfies H F ≥ c F .
The divergence div η (in the metric of M) at a point x ∈ F is given by
where F is the leaf through the point x. The estimates for the fundamental tone implies that
This proves the Proposition.
The following result is a direct consequence of the Proposition.
Corollary 2.8 Let F be transversely orientable codimension-one C 2 -foliation of a Riemannian manifold M with λ * (M) = 0. If the leaves F ∈ F have the same constant mean curvature then each leaf is minimal.
The following result is also a direct consequence of the Proposition and generalizes Theorem 3.8 and Corollary 3.19 of [3] and Theorem 3.12 of [2] . Corollary 2.9 Let F be transversely orientable codimension-one C 2 -foliation of a non-compact n-dimensional Riemannian manifold with Ricci curvature bounded below by (n − 1)k. Suppose that H F ≥ c F > 0 for each leaf F ∈ F . Then 2 λ * (M n (k)) ≥ inf
where M n (k) is the simply connected space form of constant sectional curvature k.
The proof of this Corollary is a combination of Theorem 2.1 with Cheng's Theorem [8] .
